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Local Block Relaxation Method for the Solution
of Equations of Gasdynamics
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and

Vittorio Puoti*
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A new explicit pseudo-time-integrationalgorithm, termed local block relaxation, for the solution of the equations
of gasdynamicsin block-structured domainsis proposed. The aim of the method is to reduce the computationalcosts
in obtaining the numerical solution of complex flowfields. Attention is given to the definition of proper interface
boundary conditions that ensure stability even if the smoothing of the solution is not synchronized in time among
the blocks. Once stability is guaranteed, oversmoothingscan be performed in a restricted number of blocks, namely,
those that exhibit a slower rate of convergence. The method proposed is closely coupled with a standard multigrid
cycle. A theoretical analysis of the savings in computational work is presented so that the convergence speed up
can be estimated a priori. The strategy is shown to be effective in both two-dimensional and three-dimensional
Navier-Stokes simulations. The present algorithm can be extended to a broad variety of numerical schemes based

on explicit time integrations.

Introduction

OMPUTATIONAL fluid dynamics applications are still lim-

ited by the large computationaltime required for the solutionof
complex three-dimensional flowfields. In spite of the development
of faster and cheaper computers, the introduction of more sophis-
ticated and complex flow models, for instance, higher-order turbu-
lence closures, increases the demand on computational resources.

The numerical solution of complex flowfields on both parallel
and sequential architecturesis widely obtained by using multiblock
structured methods (see Ref. 1 for an extensive literature survey).
The success of this technique is due to the considerably simpli-
fied grid generation task and to the intrinsic parallel nature of the
multiblock approach that enables a satisfactory parallel speed up
and efficiency. The algorithm essentially consists in subdividing
the flow domain into blocks in which the solution is independently
computed and coupled among adjacent subdomains by appropriate
internal boundary conditions (IBCs).

A new integration algorithm for multiblock structured domains,
local block relaxation (LBR), is presented. This method increases
the efficiency of classical explicit multistage time integration and
can be easily adapted to other schemes. The basic idea is to perform
time relaxations only in blocks with larger residuals, to reduce the
global computational work while simultaneously converging to the
steady solution.

Sawley and Tegner® exploited this idea for the simulation of a su-
personic flowfield: in that case, due to the hyperbolic spatial nature
of the problem, the initial flow conditions already represented the
solution of the governing equations in many blocks, and both the
implementation of the method and its effectiveness were straight-
forward and simply demonstrated.

When the equations of gasdynamics are solved to simulate more
complex flows from the mathematical viewpoint such as in the tran-
sonic regime, the crucial point to overcomeis given by the potential
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growth of unstable modes introduced by the IBCs at block inter-
faces. Whereas Ciment® studied the interface stability of a one-step
explicit formula, de Nicola et al. provided examples of instabili-
ties in the case of explicit multistage integration and verified them
using the spectral analysis of the transitional operator* and the nor-
mal mode analysis? In particular, they noted that stable multiblock
computations by explicit Runge-Kutta (R-K) algorithms required
further constraints on the Courant-Friedrichs-Lewy (CFL) condi-
tion. Some of these problems are also common in implicit schemes.
Jenssen® reported strong convergence decays of an implicit upwind
block structured method, whereas Lerat and Wu’ performed a nor-
mal mode analysis of the interface matching problem of their central
implicit scheme.

Itis clear that these interface instabilities strongly limit the appli-
cation of an LBR strategy. A general and robust method requires the
definitionof appropriatestable IBCs because the LBR eliminates the
synchronizationof the time-integrationalgorithm among blocks. In
fact, providingthe stability of the IBCs is guaranteed,each block can
be independently relaxed by any number of time steps without the
need for an exchange of information with the adjacent domain. In
Ref. 8 afirst LBR procedure was proposed. However, althoughover-
coming stability constraints at block interfaces, the performance of
the algorithm was not completely satisfactory. In the startup phase,
when the residual was large in regions close to the geometry and
small far from it, the method was very effective. Subsequently, the
residualreached the same value almost everywhere;all of the blocks
then needed relaxing to damp high-frequencyoscillations,and con-
sequently, the LBR was unsuccessful because the obtained compu-
tational speed up was not significant. A more effective approach,
proposed here, is to insert an LBR in a multigrid V-cycle to retain
the smoothing properties of the multigrid algorithm while reducing
the computational cost of a single cycle.

In the present paper, after a brief description of the multiblock
structured approach, second-orderstable IBCs, based on a MUSCL
scheme, are presented; subsequently, the LBR method is de-
scribed. Finally, the results of a number of Navier-Stokes calcula-
tions are presented and the improvements in convergence speed are
discussed.

Multiblock Structured Algorithm

Although block structured algorithms are widely used today, it
is useful to recall the basic concepts, which may render a clearer
understanding of the present method. We have to solve a mixed
initial boundary value problem of the type
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ou
— + Au =0
ot
IC u(r,0) =u’@r), € O
BC u(r,t) =g(r), € 0Q (1)

where t € [0, +00 ] is the independenttime variable;r =[x, y, z]" €
Qc X3 is the vector of space Cartesian coordinates defining the
domain €2, with boundary 0€2; and IC and BC, respectively,stand for
initial condition and boundary condition. A is a differential spatial
operator, u is the vector of dependent flow variables, u° is a given
initial flow state, and g is a specified operator defining the values
of u on 0€2. Here we are interested in the steady-state solution
computed by a pseudotransient method, that is, we do not require
time consistency.

After the topological decomposition of the domain €2 into struc-
tured blocks, the initial problem is subdivided into a number of
mixed initial boundary value problems to be independently solved:

auh

-_ +Au,, =0

ot
IC uy(r,0) =u2(r), W€ Q,
BC uy(r, 1) =gy(r), W € 042,
QUQU---UQU---UQ, =Q 2)

where the subscript b denotes one of the nb subdomains making up
€. In this way proper IBCs need to be defined on the artificial block
interfaces introduced by the domain decomposition. The IBCs can
locally modify the numerical integration algorithm.

It is not aim of this paper to provide a detailed description both
of the inner block method, applied to solve the equations of gas-
dynamics, nor of the algorithm implemented to define the IBCs. If
interested, the reader should refer to Refs. 9 and 10, respectively.
In Ref. 11, a more sophisticated algorithm for global discontinu-
ous grids across blocks is described. The inner block scheme is
the widely used central discretization with explicit multistage time-
steppingintegrationincorporatingseveral convergenceaccelerators,
such as multigrid and residual averaging. Different turbulence mod-
els, such as Baldwin-Lomax and x-€ can also be used. This method
is extensively applied in multidomain calculations both in research
and industrial environments.” In the case of Navier-Stokes equa-
tions, the differential operator A can be expressed as A =V -F,,
where F, =F — F, with F and F,, respectively, the inviscid and
viscous part of the flux vector F, (Ref. 13).

The IBCs algorithm, in the case of continuous grids across blocks,
simply consists in computing the numerical fluxes at interfaces by
using the same difference formulas used in the inner block scheme.
From the computer scientist standpoint, this can be done by adding,
at each interface of each block, a number of extra grid cell layers
in which the required adjacent flow states are copied. If the extra
block data are frozen at the values assumed at the initial stage of
the multistage time stepping, the time integration is modified with
respect to a single block computation. Frozen IBCs, in the follow-
ing referred to as standard IBCs, are preferable when discontinuous
grids across block interfaces are used because time-consuming in-
terpolation formulas are required to compute the extra grid cell data
to ensure the local accuracy as well as being required in parallel
applications to minimize the interprocessor communications. Un-
fortunately, as stated in the Introduction, the main drawback is the
reduction of the stability range of the time-integrationscheme with
further severe restrictions on the allowable Courant number (see
Ref. 14 for practical examples) due to the creation of numerical per-
turbations at the block interfaces that do not allow the introduction
of an LBR strategy.

Stable IBC

To implement an LBR method, numerical IBCs, preserving the
stability range of the inner block scheme, have to be introduced.
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Fig.1 One-dimensional example: interface separating blocks b; and
bz.

They will be referred as stable IBCs to enhance the difference with
the standard IBCs.

To design stable IBCs it is necessary to formulate a mixed initial
boundary value problem in each block that is stable, in the sense
described by Gustafssonet al.,!> during the time intervals in which
extra grid cell states are frozen. Hyperbolic problems require that
fluxes at boundaries (including block interfaces) are computed ac-
cordingto characteristictheory. This propertyis clearly not satisfied
if the interface flux is computed by a central discretization that is
symmetrical with respect to the block interface.

The proposed solution to this problem consists in computing the
inviscid part of the numerical flux at block interfaces by using an
approximateRiemann solver that strictly respects the boundary con-
dition stability constraints.

First- and second-order numerical schemes for flux evaluation
have been tested. The first-order IBCs have been implemented by
adopting the flux difference splitting by Pandolfi and Borrelli.!s

Referring to Fig. 1, the interface inviscid flux F (1'72) » Of block b, at

the mth stage of the R-K integration with M steps is given by
o _ (0
Uopp =Uyip

(m) — _ ga(m) (0) (m)
F:,,z —F:,,z(”o,hz’ ”1'?1};2)
1 “e| of
1.b2

(0) (m)

== u +flu - -—
) |:f( o,hz) f( 1,};2) —/u‘”) o
0,62

du:|, Vin =1, M

(3)

where f is the physical flux. The integral on the right-hand side is
computed by using the characteristicvariablesalong an appropriate
path (Ref. 16). The interface flux F(I”/12),hl of block b, is computed
using a similar formula.

The second-orderscheme, proposedhere, has been derived using
a MUSCL approach. The left A and right B states of the Riemann
problem are obtained by extrapolating linearly to the interface the
inner block flow:

Un = 3 (m) lu(m)
B == —_—
2 1,b2 2 2,b2

o]

Vin =1,M (4)

_3 0 _1o

Uy ==u,. - =u,_ .
2 ni,bl 2 ni—1,b1

of
ou

1
5.b2

m m 1 uB
F(%,:z =F{" (u,, up) =§|:f(”A)+f(uB)_/
3 s

This schemeis very robustand simple. Note the absenceof alimiting
procedurein the flux evaluation;up to now, it has not been necessary
to introduce it to preserve accuracy even if the artificial boundary is
crossed by a shock.

The stable IBCs (4) enable the stability limits of the single block
inner scheme to be retrieved, thereby eliminating the reduction of
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Fig. 2 Three-dimensional test: three R-K stages, CFL = 1.5, three
multigrid levels, V-cycle, comparison of histories of convergence ob-
tained with standard IBCs (x) and stable IBCs (<),

the stability range due to the block decomposition. Figure 2 shows
the convergence histories of two numerical predictions of the vis-
cous flow past a wing using a multiblock grid: the logarithm of the
residual, thatis, the L, norm of the time derivative in the continuity
equation, is plotted against finer grid smoothings. The first result
(asterisk in Fig. 2) has been obtained by adopting the standard IBCs
and the maximum allowable Courant number for the given explicit
multistage scheme. After 200 finer grid smoothings, the residual
starts growing and reaches a plateau value, which is a typical be-
haviorassociatedto the applicationof unstable boundary conditions.
If the standard IBCs are replaced by the stable IBCs, as specified
by Eq. (4), the residual (¢ symbol in Fig. 2) shows a convergent
solution. (After 1500 finer grid smoothings the residual is dropped
by 4 orders of magnitude.) Details about the geometry and flow
conditions of the test will be given later in the Results section.

LBR Method

The stable IBCs enable multiblock computations to be performed
withoutany further stability constraint.Once stability is guaranteed,
the nextstep consistsin anasynchronouscomputationof the solution
in each block in the sense that the blocks where the solution has to
be smoothed can be arbitrarily chosen. This is the basic idea of the
LBR method.

The required user input consists of the number of blocks to be
oversmoothed nbp and v, the number of multigrid pre/postsmooth-
ings.Inthe presentalgorithmthe classical single multigrid V-cycleis
performed as follows (the case of a two-level cycle is considered for
sake of simplicity): 1) one presmoothingin all blocks,2) computing
the L, norm of the residual in each block, 3) v — 1 presmoothings
in the nbp blocks with larger residual, 4) restricting the solution to
the next coarser level, 5) v smoothingsin all blocks at this level, 6)
prolongating the solution to the finest level, 7) one postsmoothing
in all blocks at this level, and 8) v — 1 postsmoothingsin the nbp
blocks with the larger residual at this level.

Because the main idea governing the method consists in smooth-
ing the solution in a restricted number of blocks of the domain, that
is, those thatexhibitlarger values of the local residual,itis necessary
to introduce a new parameter measuring the computational work of
the multigrid cycle. The computational cost of a single smoothing
on the finer grid level depends on the ratio of the actually smoothed
grid cells to the number of cells in the whole domain:

nbp
P NC
WU =—Zgb—l - 5)
> NG,

where WU is work unit and NC,, is the number of grid cells of
block b. Equation (5) applies when the smoothing of the solutionin
each grid cell requires the same number of floating point operations.
Shouldthisrequirementnotbe met, thatis, differentsets of equations
are solved in different blocks, weighting coefficients have to be
introduced and Eq. (5) changes slightly to

Z;hil we, - NC,
WU ===t -
Z WC},'NC},

b=1

(6)

The wc, values have been obtained from numerical experiments.
They are as follows.
For Euler flow:

we, =1.00 (7a)
For thin-layer laminar flow:

we, =1.25 (7b)
For thin-layer turbulent flow with algebraic model:

we, =1.55 (7¢c)
For complete Navier-Stokes laminar flow:

we, =1.63 (7d)
For complete Navier-Stokes turbulent flow with algebraic model:

we, =1.93 (7e)

For complete Navier-Stokes turbulent flow with two-equation
model:

we, =3.79 (76)

If the LBR is applied only on the finer grid level, the computational
cost of a complete multigrid cycle is

Ve 240D 4 (WU = 1) (14 v 2d0-0)

WU" = ngl .
(I/WU)'V'Z,‘=12d(1_l)

®)

where ngl is the number of multigrid levels and d is the number
of dimensions of the geometry. If the LBR is not applied, Eq. (8)
returns WU, =1. After ¢ multigrid cycles the total computational
work is

W, =W,_, + WU,, W, =0 9)

The work saving (WS) obtained by applying the LBR is given by
the ratio of the work performed without LBR to the work performed
using LBR (WS =W, yorsr/ Wesr)- It is possible to evaluate a
priori the WS obtainable by applying the proposed LBR method.
The estimation of WS is performed using the following simplifying
hypothesis: it is assumed that there is no decay of convergence
speed of the multigrid algorithm (to be verified a posteriori), and
that the blocks chosen for oversmoothings do not change during
convergence (which is not true in the practical algorithm). In this
case the WS expressionreduces to

WS =1/WU, (10)

Figure 3 shows WS against 1/WU for different values of v and d,
givenngl. Satisfactory values of WS require large values of 1/ WU,
the latter depending on the input value of nbp, the domain topology,
the grid pointdistribution,and on the flow modelsused in the blocks.
Because WS tends to an asymptotic limit when 1/WU — o0, it is
useless to stress the LBR to very high values of 1/ WU:

v _Z?ill d(1=1i)
(14 v-X0 ui-n)

lim WS =

1/WU— oo

(1
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Fig.3 LBR method on the finest grid, predicted WS vs 1/WU, ngl = 3:
O,v=4andd=2;and+,vr=8andd=3.

WS is upper bounded also for v— oo :

lim WS =

/WU -y ¥ 240 -0 a2
O 2000 4 (/WU = 1) - 3 e

Numerical experiments indicated that the extension of the LBR to
the coarser level of the multigrid cycle was not effective. In partic-
ular, while the scheme was still converging,the smoothing factor of
the multigrid cycle was not retained.

Results

In this section results and remarks concerning the simula-
tion of transonic, viscous flows past two-dimensional and three-
dimensional geometries are presented.

The initial flowfield was set to freestream conditions for all of
the tests. They were performed with the same numerical input: 1)
three multigrid levels, 2) three-stage R-K scheme with local time
stepping,and 3) k® =1,k =0.04, and CFL =1.5, where k® and
k™ are, respectively, the second- and fourth-orderartificial dissipa-
tion coefficients. The coefficients represent the upper stability limit
of the R-K scheme used. When LBR is activated, the parameters
nbp =4, and nbp =1, with v =4 were set for the two-dimensional
case, whereas nbp =6 and 1 with v =8 were used for the three-
dimensional case.

The two-dimensional viscous flow was computed past the
RAE2822 airfoil by solving the thin-layer Navier-Stokes equa-
tions. The flow conditions were M,, =0.730, a =2.780 deg, and
Re =6.5 X 10°. A C-type topology was used consistingof 20 blocks
grouped in three layers in which different sets of equations were
solved. In the first layer, close to the airfoil and to the wake, the thin-
layer Navier-Stokes equations were solved utilizing the Baldwin-
Lomax turbulencemodel, in the second layer the laminar flow model
was used, whereas in the outer layer the inviscid flow model was
applied (see Fig. 4). The grid consisted of 65,000 grid cells.

Given the domain topology, the grid point distribution, and the
input parameters, that is, ngl and v, the WS obtainable with the
LBR can be predicted a priori by using either Eq. (10) or Fig. 3. To
compute WS in Eq. (10), a guess is needed for 1/WU. It has been
computed using Eq. (6) assuming that the nbp blocks are those close
to the airfoil. The predicted values of WS are

Fig.4 Two-dimensional test: domain topology.
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Fig. 5 Two-dimensional test; stable IBCs, comparison of convergence
histories against finer grid smoothings obtained with LBR: +, nbp=4
and v =4;[ |, nbp=1 and v =4; and <, without LBR.

nbp =4 — 1/WU =3.70— WS =171
nbp =1— 1/WU =1845— WS =2.17 (13)

The convergence histories of the numerical simulations, obtained
with and without the LBR, are shown in Fig. 5 in terms of finer
grid smoothings. In this diagram the speed up of the LBR cannotbe
shown because the total number of finer grid smoothings is equal
for all cases, but it demonstratesa fairly similar behaviorin the drop
of the residual to machine zero; hence the first hypothesis made in
the preceding section related to Eq. (10) is confirmed. In fact the
convergence with LBR, in terms of total smoothings, was actually
slightly faster.

The gain, obtained by utilizing the proposed LBR method, can
be measured by plotting the same results for residual against work
done as defined by Eq. (9) and shown in Fig. 6. The values of WS
computed, for instance, when the residual has dropped by six orders
of magnitude, that is, when log(res) = —4, are

nbp =4 — WS, =1.96, nbp =1— WSy =225 (14)
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Pressure CoelTicient

xfe

Fig.7 Two-dimensional test; pressure coefficient obtained with stan-
dard IBCs on different size meshes: X, coarse; /\, medium; =, fine; and
[], with LBR, nbp=1and v =4.

Note that the measured values of WS were reasonably similar to
those predicted using Eq. (10). The small differences are mainly
because the second assumption for the theoretical estimate of WS
was not satisfied: The blocks that were overrelaxed changed during
convergence.

The values of WS are an estimate of the CPU time saving (CPUS)
defined as the ratio of the CPU time required for the calculation
without the LBR to the CPU time required with the LBR. The fol-
lowing values of CPUS were obtained:

nbp =4 — CPUS., =2.05, nbp =1— CPUSpy =2.21

(15)
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Fig. 8 Two-dimensional test, stable IBCs, pressure coefficient distri-
bution obtained with LBR, nbp=4 and v =4.
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Fig.9 Three-dimensionaltest; stableIBCs, comparison of convergence
histories against finer grid smoothings obtained with LBR: +, nbp=6
and v =8;[ |, nbp=1 and v =8; and <, without LBR.

The discrepanciesbetween Egs. (14) and (15) are because the values
of wc, useddo not take into accountthat the turbulenteddy viscosity
is not recomputed on the coarser grid levels.

As far as the solution is concerned, it is important to verify its
accuracy, the numerical flux evaluation being locally modified by
the upwind biased IBCs. The lift and drag coefficients are reportedin
Table 1 varying the IBCs and the LBR parameters. The results show
thatlift and drag do not change in practice. The pressure coefficient
distribution obtained by the LBR method matches that obtained via
the standard IBCs, as shown in Fig. 7. This test is very interesting
for the purpose of verifying how the modifications introduced in
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Table1 Two-dimensional test: aerodynamic coefficients

Standard Stable LBR LBR
Coefficient IBCs IBCs (nbp = 4) (nbp=1)
o] 0.889 0.889 0.889 0.889
cq 0.0170 0.0169 0.0169 0.0169
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Fig. 10 Three-dimensional test; stable IBCs, comparison of conver-
gence histories against W, obtained with LBR: +, nbp=6 and v =8;
and <, without LBR.

the numerical scheme at block interfaces can affect the solution as
a strong normal shock is observed that crosses the block interface
(see Fig. 8).

To complete the analysis of the accuracy of present calculations,
the pressuredistributionsobtainedfor the coarserand medium grids
are also presented in Fig. 7. In the regions of smooth flow, the solu-
tion is already converged on the coarsest mesh, whereas as could be
expected, grid resolution influences the results in the shock region.
Similar results thathave also been obtainedin the three-dimensional
test are discussed next.

The three-dimensional viscous flow was computed past the
RAE2155 wing solving the thin-layer Navier-Stokes equations,
the geometry of which was provided to all of the participants in
the EUROVISC Workshop held on 28-29 October 1994. The flow
conditionswere M, =0.744, o =2.500 deg,and Re =4.1 X 10°. A
C-type topology was generated around the geometry in the symme-
try planeand an H-type topologyin the spandirection. The thin-layer
Navier-Stokes equations together with the Baldwin-Lomax turbu-
lence model were solved in the 6 blocks lying adjacent to the wing
solid boundary, and laminar flow conditions were simulated in the
remaining 16 blocks spanning the rest of the flow domain. The grid
consisted of 1,128,534 points.

The WS predictions for this case are

nbp =6 — 1/WU =3.02— WS =2.05

nbp =1— 1/WU =21.17 — WS =3.72 (16)

Tests with these values of nbp were performed in a manner sim-
ilar to those of the two-dimensional simulations. Figure 9 con-
tains the plot of the residual against finer grid smoothings obtained
with no LBR and with nbp =6 and 1. In this test the LBR with

nbp =1 did not perform well because the rate of convergence is
slower if compared with nbp =6 or 22. The plot of the residual in
terms of work is shown in Fig. 10. The values of WS and CPUS
are

nbp =6 — WS, =211, nbp =6 — CPUS, =297 (17)

By also activating LBR on the medium grid, it was possible to in-
crease the value of WS without any decay in the convergence his-
tory (Fig. 11). In this case (Fig. 12) we obtained
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Fig. 11 Three-dimensional test; stable IBCs, LBR on both medium
and fine grids, comparison of convergence histories against finer grid
smoothings obtained with LBR: +, nbp=6 and v =8; and <, without
LBR.
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Fig.12 Three-dimensional test; stable IBCs, LBR on both medium and
fine grids, comparison of convergence histories against W, obtained with
LBR: +, nbp=6 and v =8; and <, without LBR.
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Fig. 13 Three-dimensional test; stable IBCs, y/(b/2)=0.20, pressure
coefficient obtained with LBR on the finest grid: +, nbp=6 and v =8;
<, and without LBR.

Fig. 14 Three-dimensional test; stable IBCs, pressure coefficient dis-
tribution obtained with LBR on the finest grid, nbp=6 and v =8.

nbp =6 — WS, =2.46, nbp =6 — CPUS; =3.35 (18)
Figure 13 shows the pressure coefficient distributions at the span-
wise station (y/b/2) =0.20 with and without LBR. The isocurvesof
the pressure coefficient on the upper surface of the wing are shown
in Fig. 14.

The present results show the possibility of obtaining large CPU
saving by applying the LBR. However, the practical speedups de-
pend on the grid topology and block decomposition. A proper block
decompositionfor LBR purposesrequires the definition of different
block layers from the configuration toward the far field. In fact, the
residual is expected to be larger in the blocks that have part of the

configuration as a boundary. On the contrary, in the far-field region
the initial freestreamstate practically matches the flow solution. The
proposed method requires the input of two numerical parameters:
nbp and v. It is not useful to apply too high values of v and too
low values of nbp because the convergence rate could be affected
without substantial improvement in WS. In practice recommended
values of v are 4 (two-dimensional tests) and 8 (three-dimensional
tests) and nbp should not exceed the number of blocks close to the
configuration.

Conclusions

A new explicit time-integration algorithm for the solution of the
equations of gasdynamics in block structured domains has been
presented, with the objective to improve the convergence speed.

The method is based on the definition of new second-ordercondi-
tions imposed on the artificial boundaries introduced in the compu-
tational domain by the block decomposition. The boundary condi-
tions are capable of preserving the stability constraints of the inner
block scheme even if the flow states at block interfaces are frozen
for a large number of smoothings. Therefore, the implementation of
LBR, which consists of performing a larger number of smoothings
in blocks where the rate of convergenceis slower, is straightforward
and effective if a standard multigrid algorithm is also applied as
described in this paper.

The set of internal boundary conditions developed do not locally
affect the accuracy of the solution.

The theoretical analysis of the obtainable speed up shows that
the efficiency of the LBR depends on the domain topology and the
grid point distribution. In practical applications, CPU time savings
greater than a factor of 3 have been obtained.

The strategyand the set of internal boundary conditionsdeveloped
are loosely coupled with the inner block numerical method and can,
therefore, be extended to a wide class of schemes.
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